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Abstract. We adapt to the case of deformation quantization 
modules a formula of V. Lunts [B] who calculates the trace of a 
kernel acting on Hochschild homology. 



1. Introduction 

Inspired by the work of D. Shklyarov (see [9]), V. Lunts has estab- 
lished in |6j a Lefschetz type formula which calculates the trace of a 
coherent kernel acting on the Hochschild homology of a projective vari- 
ety (Theorem l4.4l) . This results has inspired several other works 
In p], Cisinski and Tabuada recover the result of Lunts via the theory 
of non- commutative motives. In [7J, Polischuk proves similar formulas 
and applies them to matrix factorisation. The aim of this paper is to 
adapt Lunts formula to the case of deformation quantization modules 
(DQ-modules) of Kashiwara-Schapira on complex Poisson manifolds. 
For that purpose, we develop an abstract framework which allow one 
to obtain Lefschetz-Lunts type formula in symmetric monoidal cate- 
gories endowed with some additional data. 

Our proof relies essentially on two facts. The first one is that the 
composition operation on the Hochschild homology is compatible in 
some sense with the symmetric monoidal structures on the categories 
involved. The second step of the proof relies mainly on the functoriality 
of the Hochschild class. This suggest that the Lefeschtz-Lunts formula 
is a 2-categorical statement and that it might be possible to build a 
set-up in the spirit of [1] which would encompass simultaneously the 
two steps of our proof. 

Let us compare briefly the different approaches and settings of p], [2] 
and |7| to ours. As already mentioned, we are working in the framework 
of deformation quantization modules over complex manifolds. 

The approach of Lunts is based on a certain list of properties of the 
Hochschild homology of algebraic varieties (see P, §3]). These proper- 
ties mainly concern the behaviour of Hochschild homology with respect 
to the composition of kernels and the functoriality of the Hochschild 
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homology. A straightforward consequence of these properties is that 
the morphism X ^ pt induces a map from the Hochschild Homology 
of X to the ground field k. Such a map does not exist in the theory of 
DQ-modules. Thus, it is not possible to integrate a single class with 
value in Hochschild homology and one has to integrate a pair of classes. 
Then, it seems that the method of V. Lunts cannot be carried out in 
our context. 

In [2], the authors showed that the results of V. Lunts for projective 
varieties can be derived from a very general statement for additive 
invariants of smooth and proper differential graded category in the 
sense of Kontsevich. However, it is not clear that this approach would 
work for DQ-modules even in the algebraic case. Indeed, the results 
used to relate non-commutative motives to more classical geometric 
objects rely on the existence of a compact generator for the derived 
category of quasi-coherent sheaves. To the best of our knowledge, there 
are no such results for DQ-modules. Similarly, the approach of [7] does 
not seem to be applicable to DQ-modules. 

The paper is organised as follow. In the first part, we sketch a formal 
framework in which we can get a formula for the trace of a class acting 
on a certain homology, starting from a symmetric monoidal category 
endowed with some specific data. In the second part, we briefly review, 
following [4j , some elements of the theory of DQ-modules. The last part 
is mainly devoted to the proof of the Lefschetz-Lunts theorems. Then, 
we briefly explain how to recover some of Lunts results. 

2. A GENERAL FRAMEWORK FOR LEFSCHETZ TYPE THEOREMS. 

2.1. A few facts about symmetric monoidal categories and 
traces. In this subsection we recall a few classical facts concerning 
dual pairs and traces in symmetric monoidal categories. References for 
this subsection are [31 §4], [S]. 

Let ^ be a symmetric monoidal category with product ®, unit object 
l^g and symmetry isomorphism a. All along the paper, we identify 
(X ® F) (g) Z and X (y ® Z). 

Definition 2.1. We say that X G Ob(^) is dualizable if there is 
Y G Ob(^) and two morphisms, rj : 1^^ ^ X ®Y , e : Y ® X ^ 1^^ 
called coevaluation and evaluation such that the condition (a) and (b) 
are satisfied: 

(a) The composition X ~ 1.^ ® X ''^'^ X ® F ® X X ® 1.^ ~ X 
is the identity of X. 

(b) The composition Y ^Y (^V-g ''^^'^ Y ® X (^Y ^^"^ 1.^ ® F ~ F 
is the identity of Y . 
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We call Y a dual of X and say that {X, Y) is a dual pair. 

We shall prove that some diagrams commute. For that purpose recall 
the useful lemma below communicated to us by Masaki Kashiwara. 

Lemma 2.2. Let "io he a monoidal category with unit. Let (X, Y) he a 
dual pair with coevaluation and evaluation morphisms 

1^ A X ® y, y (g) X 4 1.^. 

Let / : ^ X®Y he a morphism such that (idx (8>£)o(/(g)id 
Then f = rj. 

Proof. Consider the diagram: 

/ 



X) 



id 



X^Y 



r)(giidj5i: idy 



X 



X^Y 



)Y 

idx 8) idy (8/ 

)X®Y 

idx ^e&dy 



X^Y. 



By the hypothesis, (idx ^£ ® idy) o (idx ® idy (8)/) = idx ® idy and 
(idx ®^ ®i dy) o (?7 (8) idx ® idy) = (idx ® idy). Therefore, rj = f. □ 

Proposition 2.3. // (X, Y) is a dual pair, then for every Z, W & 
Ob('^), there are natural isomorphisms 

$ : Hom.^(Z, W (»Y) ^ Hom.^(Z (g) X, Vt^) 

^ : Hom.^(y ®Z,W)^ Hom.^(Z, X ® W^) 

w/iere /or / G Hom<^(Z, ® F) anrf (yf G Hom-r^f (F 2', W), 

$(/) = (id^v ®£) o (/® idx) 

■^{g) = {idx^g)o{r](g)idz). 

Proof see [3, §4]. □ 

Remark 2.4. It follows that y is a representative of the functor Z t-^ 
Hom<r^(Z (8) X, h^) as well as a representative of the functor W (-> 
Hom<r^(l<i^, X(8)iy). Therefore, the dual of a dualizable object is unique 
up to a unique isomorphism. 

Definition 2.5. For a dualizable object X, the trace of / : X ^ X 
denoted Tr(/) is the composition 



r A y ®x A L^. 



Then, Tr(/)GHom^(l.^,l.^ 
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Remark 2.6. The trace could also by defined as the following compo- 
sition 

1^ X ®Y ^ Y ^ X ''^4^ Y ® X A 1^. 

These two definitions of the trace coincide because {id(S>f)<T = a"(/(8'id) 
since cr is a natural transformation. 

Recall the following fact. 

Lemma 2.7. With the notation of Definition \2. 5[ the trace is indepen- 
dent of the choice of a dual for X. 

Proof. Let Y and Y' two duals of X with evaluations e, e' and co- 
evalution rj and r]'. By definition of a representative of the functor 
Z I—)- Hom<:^(Z ® X, h(f ) there exist a unique isomorphism 9 : Y ^ Y' 
such that the diagram 

Homc^(Z, Y') — Hom.^(Z ® X, \<-g) 

Bo 

Hom.^(Z,y) 

commutes. For Z = Y ^ the diagram implies e = e' o [Q ® idx)- Using 
the Lemma [2.21 we get that = (idx o rj . It follows that the 

diagram 





X®Y' ^ X®Y' Y'®X 

commutes which proves the claim. □ 

Example 2.8. (see [5, §3]) Let be a Noetherian commutative ring 
of finite cohomological dimension. Let □''(A;) be the bounded derived 
category of the category of fc-modules. It is a symmetric monoidal 

L 

category for (g). We denote by D^(A;), the full subcategory of D (k) 

k ■' 
whose objects are the complexes with finite type cohomology. If M G 

Ob(Dj(A;)), its dual is given by RHomfc(M, k). The evaluation and the 
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coevaluation are given by 

ev : RHomfc(M, k)®M 

k 

coev : k -)> RHonifc (M,M) RHomfe(M, k). 

k 

Assume k is an integral domain, Then k can be embedded into its field 
of fraction F(/c). If / is an endomorpliism of M then the trace of / 

k M(8)RHomfe(M, k) ^4*^ M®RHomfe(M, k) A RHomfe(M, k)®M ^ k 

coincides with Tr(H'(idF(jk) ®/))- K / = idM, one set 

x(M) = 5](-l)MimF(fe)(ff(M)). 

2.2. The framework. In this section we define a general framework 
for Lefschetz-Lunts type theorems. 

Let ^ be a symmetric monoidal category with product 0, unit object 
l<if and symmetric isomorphism a. Let /c be a noetherian commutative 
ring with finite cohomological dimension. 

Assume we are given: 

(a) a monoidal functor (■)" : ^ ^ ^ such that (•)" o (•)" = id^^ and 

(b) a symmetric monoidal functor (L,^) : ^ — )■ D^{k) where ^ is 

L 

the isomorphism of bifunctor from L(-) L(-) to L(- (g) ■). That is 

L{X) k) L{Y) ~ L{X (g) y) functorialy in X and 

(c) for e ObC^) = 1, 2, 3), a morphism 

o : L(Xi (8) X2") d L(X2 ® X") ^ L(Xi X"), 

(d) for every X G Ob(^), a morphism 

La^ : A; ^ L(X®X"), 

these datas verifying the following properties: 
(PI) for Xi, X3 e Ob(^), the diagram 

L(Xi ® 1^) h L{1^ ® Xa) ^ L(Xi (g) X3) 

id 

L(Xi) ® L(X3) ^ L(Xi (g) Xa) 

commutes, 
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(P2) for Xi, X2, X3, e Ob(^), the diagram 

L{Xi (8) X«) d L{X2 ® X") ® L(X3 (g) X4") L(Xi O Xf) d L(X3 (g) X4) 

idigio 



L(Xi®X2")(8)L(X2(8)X4«) 



L(Xi (8) X4") 



commutes, 
(P3) the diagram 



k L(X (g) X«) 

L(a) 



L(X« ® X) 



commutes, 
(P4) the composition 



L(X) L(X X») d L(X) 4 L(X) 

is the identity of L{X) and the composition 

L(X") ' ^ L(X'^) ® L(X X"^) A L(X° 

is the identity of L(X"), 
(P5) the diagram 

L(X ® X'') ® L(X" ® X) A; 
L(X«)(g)L(X). 

commutes, 

(P6) for Xi and X2 belonging to Ob(^), the diagram 
L((Xi (g) X2)«) (8) L((Xi (8) X2)) —p k 



L(<j)®L{a) 



L((X2(8)Xi)«)(8)L(X2(8)Xi) 



commutes. 
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Lemma 2.9. The object L(X°) is a dual of L{X) with evaluation 

L 

e := o : L(X") (g) L{X) k and coevalution r] := R o La- 
Proof. Consider the diagram 

L{X) ^ L{X) h LiX'^) ® LiX) ^ L{X) 

L 

J?(g)id 



LiX) 
and the diagram 



L{X ® X"") ® L{X) 



LiX) 



LiX'') ^ LiX'') d LiX) ® LiX'^) LiX") 



L 

id® J? 



id(g)LA, 



LiX) ^ LiX" ^ X) 



LiX") 



These diagrams are made of two squares. The commutations of the 
left squares are obvious. The squares on the right commute because of 
the Property (Fl2]). It follows that the two diagrams commute. Prop- 
erty (FSj) implies that the bottom line of each diagram is equal to the 
identity. This proves the proposition. □ 

The preceding proposition shows that LiX) is a dualizable object of 
D\k). We set LiX)* = RHomfc(L(X), A;). Recall that L(X)'^ ^ LiX"). 
Let X : k ^ LiX (g) X"). It defines a morphism 

(2.1) <^x-LiX)^LiX^X")hLiX)^^LiX). 



Consider the diagram 



(2.2) 



LiX) ® LiX)* LiX) (8 LiX)* LiX)* ® L(X) 




LiX) (g) LiX" 



LiX)® LiX") 




LiX")® LiX) 
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Lemma 2.10. The diagram 1^2. 2\} commutes. 

Proof. By Lemma [2.91 L(X") is a dual of L{X) with evaluation mor- 
phism e and coevaluation morphism r]. It follows from Lemma [2?71 that 
the diagram (12. 2p commutes. □ 

We identify A and the image of 1,^ by A. 

Theorem 2.11. We have the formula 

Tr(<l>A) = La^„ ..o__ a. 



Proof. By definition of ^x, the diagram 
(2.3) 



L{X)(^L{X'') 



L{X) ® L(X") ^ L(X") ® L{X) 




L L ^ " L L 

L{X O X"") (g) L{X) (g) L{X''f^\x) O L(X") ^ L(X") O L(X) 
commutes. 

Thus computing the trace of $a is equivalent to compute the lower 
part of diagram (12. 3p . 
We denote by C the map 

C : L(X'^®X) ~ A;®L(X"®X) ^^4'"^ L{X X'') k LiX"" (» X) ™ fc. 

Consider the diagram 
(2.4) 



L(X O X") L(X) ® L(X" 




L 

o iX) id 



L(X)®L(X'^) 



L(X")®L(X) 



2 

J? 



L(X®X'^)®L(X®X") 



L(X®X'^) 



L(X"®X) 
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This diagram is made of four sub-diagrams numbered from 1 to 4. 

(1) The sub-diagram 1 commutes by definition of r], 

(2) notice that ^ = o by the Property (FfT]). Then the sub-diagram 

2 commutes by the Property (F|2]), 

(3) the sub-diagram 3 commutes because L is a symmetric monoidal 
functor, 

(4) the sub-diagram 4 commutes by Property (F|5]). 

The right side of the diagram (12. 4p is equal to La o L{a)X. By the 

Property (F|6]), La o L{a)X = L{a)L^ o A and by the Property 
(F|3]), L{a)Li\ = L/^a, the result follows. □ 

3. A SHORT REVIEW ON DQ-MODULES 

Deformation quantization modules have been introduced and sys- 
tematicaly studied in We shall first recall here the main features 
of this theory, following the notations of loc. cit. 

In all this paper, a manifold means a complex analytic manifold. We 
denote by C'' the ring C[[^]]. A Deformation Quantization algebroid 
stack (DQ-algebroid for short) on a complex manifold X with structure 
sheaf Ox, is a stack of C^-algebras locally isomorphic to a star algebra 
If -Ax is a DQ-algebroid on a manifold X then the oppo- 
site DQ-algebroid A°x is denoted by Ax'^- The diagonal embedding is 
denoted hy 5x '■ X ^ X x X . 

If X and Y are two manifolds endowed with DQ-algebroids Ax and 
Ay, then X x 1" is canonically endowed with the algebroid Axxy '■ = 
AxM.Ay (see [4, §2.3]). We write Cx for the ^xxx<"-Hiodule 6x*Ax 
and Ux for the dualizing complex of DQ-modules. We denote by 
the duality functor of ^x-modules: 

D^x(-) ■■=Rnom^^{-,Ax). 
Consider complex manifolds Aj endowed with DQ-algebroids Axi 

(2=1,2,...). 

Notation 3.1. (i) Consider a product of manifolds X xY x Z. We 
denote by Pi the z-th projection and by Pij the (i, j)-th projection 
{e.g., pi3 is the projection from Ai x A" x A2 to Ai x A2). We 
use similar notations for a product of four manifolds. 

(ii) We write Ai and Aija instead of Ax, and Ax.xX'^ and similarly 
with other products. We use the same notations for Cx. ■ 

(iii) When there is no risk of confusion, we do note write the symbols 

and similarly with i replaced with ij, etc. 
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3.1. Hochschild homology. Let X be a complex manifold endowed 
with a DQ-algebroid Ax- Recall that its Hochschild homology is de- 
fined by 

nniAx) ■■= S],\Cx^ ® Cx)gd^(cI). 

We denote by HH(X) the object RT{X,n'HiAx)) of D^(C^) and by 
BR^Ax) the C'^-module H°(HH(X)). We also set for A a closed subset 
ofX, HHKiAx) ■■= TAHUiAx) andHH^(^x) = Yi\RT ^iX-HUiAx))). 

Proposition 3.2. There is a natural isomorphism 

nH{Ax) ^ Rnom^^^^^{ux\Cx). 
Proof. See PI §4.1] □ 

Proposition 3.3 (Kiinneth isomorphism). Let Xj (i = 1,2) be com- 
plexe manifolds endowed with DQ-algebroids Ai- 

(i) There is a natural morphism 
(3.1) 

L 

RHom^^^, (wf \ Ci) K RHom^jj, (^2"^ C2) R'Hom^^^^^^ (u^^Xu)- 

(a) If Xi or X2 is compact, this morphism induces a natural isomor- 
phism 

(3.2) ^ : HH(Xi) I HH(X2) ^ HH(Xi2). 

Proof, (i) is clear. 

(ii) By [4, §1.5], the modules HH(Xi) for {i = 1,2) and HH(Xi2) 
are cohomollogicaly complete. If Xi is compact, then the C'^-module 

HH(^i) belongs to D^.(C''). Thus, HH(A) ® HH(y^2) is stiU a coho- 

mologically complete module (see jH §1.6]). 

Applying the functor gr^^ to the morphism fl3.2p . we obtain the usual 
Kiinneth isomorphism for Hochschild homology of complex manifolds. 
Since gr;^ is a conservative functor on the category of cohomologically 
complete modules, the morphism fl3.2p is an isomorphism. □ 

3.2. Composition of Hochschild homology. Let Aij [i = 1,2, j = 
z + 1) be a closed subset of Xij and consider the hypothesis 

(3.3) pi3 is proper over A12 x^a A23- 
We also set A12 o A23 = Pi3(pr2^Ai2 np23^A23). 

Recall Proposition 4.2.1 of [1]. 
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Theorem 3.4. Let Ajj {i = 1,2 j = i + 1) satisfying ^3.3\) . There is a 
morphism 

(3.4) ?^Haj2(>1i2°) ° ^^A23('^23°) ^^Ai2oA23('^13°)- 

which induces a composition morphism for global sections 

(3.5) o : HHa,,(A20 ®HHa,3(A30 -> m^.^oA^Mn-) ■ 
Corollary 3.5. The morphism induces a morphism 



(3.6) o : nniAi) k m{A2) nniA^) 

pt 

which coincides with the morphism Ii3. 

Proposition 3.6. (i) Let Aij (z = 1, 2, 3 j = z + 1) such that the pair 
Ai2, A23 satisfies I13.'J\) as well as A23, A34 with similar notations. 
The following diagram is commutative 



^^Al2oA23(-4l3") ° 'H'HAsiiAsA'') *- ?^HAi2oA23oAi4(-4.14") 

(a) Assume that is compact for i = 1, 2, 3, 4. Then, the preceed- 
ing diagram induces a commutative diagram 

HH(Xi2a ) (g) HH(X23a ) MM{Xu- ) ^ HH(Xi2« ) d HH(X24a ) 



HH(Xl3a)(g)HH(X34a) *-HH(Xl4a). 

Remark 3.7. If X is a complex compact manifold endowed with a 
DQ-algebroid Ax- Let A G HH°(^xxx°)- There is a morphism 

(3.7) <I>A : HH(X) ^ HH(X) 

given by 

HH(X) ~ (| HH(X) HH(X x X") ® HH(X) A HH(X). 
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3.3. Hochschild class. Let M. G D''^^^^{Ax)- We have the chain of 
morphisms 



hh^^ : Rnom_A^{M,M) ^ ©^^(-M) ® M 

Ax 

AxxX<^ 

L 

Cx- ® Cx- 

AxxX'^ 



We get a map 



(3.8) hh^ : Hom^,(A^, A^) ^ Rl^^^^^^{X,nniAx)). 

Definition 3.8. The image of an endomorphism / of by the map 
( 13.81) gives an element hhx{M,f) G Hg„pp(^)(X, called the 

Hochschild class of the pair {A4,f). If / = id^vi, we simply write 
hhx(A^). 



Remark 3.9. Let M e Dj(C^) and let / e Homcfi(M,M). Then the 
Hochschild class hhcfi(M, /), of / is obtained by the composition 

C^' ^ RHomch(M, M) k RHomc^lM, C'') ^^"^ M k) RHomc;i(M, C'^) 

^ RHomcfi(M, C^)kM ^ C". 

Thus it is the trace of / in D''(C'*). 

3.4. Actions of Kernels. It is possible to compose kernels in the 
framework of DQ-modules. 

Definition 3.10 ([4J). Let ICi G D\Aija) {i = 1,2, j = i + 1). One 
sets 

/Ci o /C2 = Rpi4,((/Cii/C2) k) Cx,), 

/Ci * /C2 = Rpi4.((/Cii/C2) ® Cx,). 
We explain how kernels act on Hochschild homology. 
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Lemma 3.11. Let JC G D^'^^f^^Au) ■ There are natural morphisms in 
DL(Ai) 

(3.9) ^ /C*©'(/C) 

(3.10) /Cowx2 0©'(/C) ^Cxi. 

Let /C be an object of Dcoh(^^i2a) with support A12 and let A2 be a 
closed subset of X2. Assume that A12 x^a A2 is proper over Xi. Then, 
according to [1] there is a map 

(3.11) <^!c : HHa,(^xJ ^ HHa^^oaMx,) 

defined as follow. For the sake of brevity, we write T^om instead of 
RHom. 

FAia Homi2a(/C, /C) orA2 Hom22a(a;2"\C2) °'^Ai2 'Hom2ia{uj2 oB' IC, uj2 o 

-^rAiaoAa ?^Omi2 (/C * ^2^^ /C 0C2) ° TAia ^Om2ia (c<;2 o ©'/C, 6^2 « U'^C) 
— ^rAi2oA2oAi2 "Homiia (/C * 2 * D'A^, /C O (^2 ° D'A^) 
-^rAiaoAa Hom(u;]"\Ci). 

There is a canonical section in rAi2(-^i2; 'Homi2(/C, /C)) and a canon- 
ical section in rAi2(-'^2i; 'Hom2ia(a;2 oD'/C, W2 oD'/C)). They are asso- 
ciated with id/c e Homi2a(/C, /C) and ido'^: G Hom(D'/C, D'/C). This 
defines the map 03.111) . 

There is the following result regarding 

Proposition 3.12 {[A\). The map : HHa2(^x2) ^ HHai2oA2(^Xi) 
in /i3.11\) is the map hhxj^2a{^)° given in Ii3.5\) . 

We denote by u^^"^ the dualizing complex associated with the topo- 
logical manifold underlying X. 

Proposition 3.13. Let Xi, {i = 1, 2) be a complex manifold endowed 
with a DQ-algebroid Ai. The following diagram commutes. 



(3.12) pi'nn{Aia)k)nn{Ai2a)k)P2^nn{A2 




Hn{Ai2a)hnn{Aia2) 
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Proof. It is a consequence of the projection formula and of the associa- 
tivity of the tensor product. □ 

Corollary 3.14. The diagram 



HH(Xia) I HH(Xi2a) d HH(X2 



o-o- 

1 2 




hhc, 



(3.13) 



HH(Xl2a)(8)HH(Xla2) 

The composition 
induces a map 

(3.14) hh(A) : C'' ^ HH(X x X"). 

The image of 1^^ by hh(A) is hhxxX"(Cx)- 

Proposition 3.15. The left and right actions o/hhxxX"(Cx) on HH(X) 
via the morphism 5\) are the trivial action. 

Proof See H §4.3]. □ 
We define the morphism C : HH(^xxX") — ^ as the composition 

HH(X"xX) ~ C''®HH(X"xX) ^^(^^''^ m{XxX^)hm{X^xX) - 
Corollary 3.16. T/ie diagram below commutes. 

L ° 
HH(X'^) ® HH(X) 



C 



HH(X" X X). 



Proof. It follows from Corollary 13.141 with Xi = X2 = X, that the 
diagram 

HH(X") (g) ® HH(X) — HH(X") ® HH(X x X") ® HH(X) 



® HH(X") ® HH(X) > HH(X x X") ® HH(X" x X) 

commutes which implies the result. 



□ 
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Finally, an important result of [4j is the following 

Theorem 3.17. Let Ai be a closed subset of Xi x Xj+i (i = 1 2) and 
assume that Ai x^j A2 is proper over Xi x X3. Set A = Ai o A2. Let 
^^^^lh,AS^x..x^Ji^ = l, 2). Then 

(3.15) hhxig. (/Ci o /C2) = hhx.^a (/Ci) o hhx^sa (^2) 
as element o/HH° (^XlxX3a)■ 
Proo/. See PI §4.3]. □ 

3.5. A monoidal category. In this subsection we collect a few facts 
concerning the product Recall that if X and Y are two complex 
manifolds endowed with DQ-algebroids Ax and Ay, X x y is canon- 
ically endowed with the DQ-algebroid Axxy '■= Ax^Ay- There is a 
functorial symmetry isomorphism 

ax,Y ■■ {X X Y,Axxy) ^{Yx X,Axxy) 

and for any triple {X,Ax), {Y,Ay) and {Z,Az) there is a functorial 
associativity isomorphism 

Px,Y,z ■ (Ax^AyMAz ^ AxEiAY^Az). 

We consider the category whose objects are the pairs {X,Ax) 
where X is a complex manifold and Ax a DQ-algebroid stack on X 
and where the morphisms are obtained by composing and tensoring 
the identity morphisms, the symmetry morphisms and the associativ- 
ity morphisms. The category endowed with K is a symmetric 
monoidal category. 

We denote by 

V : iiXxY)x{XxYy,A^xxY)x(XxYr) ^ {{Y xX)x{Y xX)" , A^YxX)x{Yxxr) 

the map of defined hj v := a x a. 
In this situation, after identifying, {X x X^) x (F x Y^) with {X x 

L 

Y) X [X X y)", there is a natural isomorphism Cx^Cy — Cxxy and 
the morphism v induces an isomorphism 

V*{Cxxy) - CyxX- 

Proposition 3.18. The map Oxy induce an isomorphism 

(3.16) a, : UU^Axxy) ^ UU^Ayxx) 
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Proof. There is the following cartesian square of topological space. 
X xY X X 



{X xY)x{X X Y) (Y xX)x{Y X X). 

Then 

® Cx xY) 
.AxxY 

/-I ^ 

~ (5 v\{Ci^xxYY ® Cxxy) 



~ 5' "^(C(yxX)" ® CyxX, 



L 

□ 

The morphsim (13.16^ induces an isomorphism that we still denote cr* 
a, : HH(X x y) -> HH(y x X). 
The following diagram commutes 

(3.17) HH(X X Y) ^ HH(y x X) 



HH(X) k) HH(F) HH(r) ® HH(X). 

Proposition 3.19. We have 

hhxxX''(Cx) = hhxaxx(Cx°)- 
Proof. Immediate by using Lemma 4.1.4 of □ 

4. A Lefschetz formula for DQ-MODULES 

Inspired by the Lefschetz formula for Fourier-Mukai functor of V. 
Lunts (see [6]), we give a similar formula in the framework of DQ- 
modules. 

Theorem 4.1. Let X he a complex compact manifold endowed with a 
DQ-algebroid Ax- iei A G HII°(\AxxX«)- Let 

■■ BM{X) HH(X) 

be the map liS. 7|) . Then 

TTcii{^\) = hhx«xx(Cx«) o A. 

XxX'^ 
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Proof. Consider the full subcategory of whose objects are the 
pair {X, Ax) where X is a compact manifold. By the results of the 
Subsection 13. 5[ the pair (HH,^) is a symmetric monoidal functor. 
The data are given by 

(a) the functor {-Y which associate to a DQ-algebroid {X,Ax) the 
opposite DQ-algebroid {X,Ax^), 

(b) the monoidal functor on ^ given by the pair (HH, 

(c) the morphism (13.51) . 

(d) for each pair {X,Ax) the morphism hh(Ax). 

We check the properties requested by of our formalism: 

(i) the Property (F(T]) is granted by the Corollary 13.51 

(ii) the Property (F|2]) follows from the Proposition 13.61 

(iii) the Property (F|3]) follows from the Proposition I3.19[ 

(iv) the Property (FSj) follows from the Proposition I3.15[ 

(v) the Property (F|5]) follows from the Proposition I3.16[ 

(vi) the Property (F|6]) is clear. 

Then the formula follows from Theorem 12.111 □ 

Corollary 4.2. Let X be a complex compact manifold endowed with a 
DQ-algebroid Ax and let JC G D^^^j(>lxxx°)- Then 

Trcfi($^) = hhx«xx(CxO o hhxxx«(/C). 

XxX'^ 

Proof. Apply Proposition 13.121 and Theorem 14.11 □ 

Corollary 4.3. Let X be a complex compact manifold endowed with a 
DQ-algebroid Ax and let KL e D^g^(>lxxX")- Then 

Trc.($^) = x(Rr(XxX'^;Cx. ® /C)). 

■Axxx<^ 

Proof. Applying the Proposition l3. 17l to the right hand side of Theorem 
Ol we get that Trcft($K;) = x(Rr(X x X"; Cx- ^ JC)). □ 

4.1. Applications. We explain how to recover some of the results of 
the paper [6j of V. Lunts and give a special form of the formula when 
X is also symplectic. 

Theorem 4.4 ([6J). Let X be a complex compact manifold and K, G 
Dl,{Oxxx). Then, 

5^(-irTr(ff($^)) = x(Rr(XxX;Cx ® JC)). 
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Proof. We endow X with the trivial deformation. Then, we can apply 
the Corollary 14.31 and forget h. We recover the Theorem 3.9 of [6|. 

□ 

Corollary 4.5 ([6j). Let X be a complex compact manifold endowed 
with a DQ-algebroid Ax and let K G D\^f^{Axxx°-) ■ Then, 

V(-irTr(ff(<l>yc))= / <5*ch(/C)Utdx(TX) 
. Jx 

where ch(/C) is the Chern class ofJC, tdx{TX) is the Todd class of the 
tangent bundle TX and 6* is the pullback by the diagonal embedding. 

Proof. It is a direct application of Corollary 5.3.5 of |1] and Corollary 
WM □ 

It is possible to localize Ax with respect to h. We denote by C((/l)) 
the field of formal Laurent series. We set by J^x — *^((^)) -^x- If 

is a ^x-module we denote by M'""" the ^^''-module C{{h)) (8)c'' 
We denote by dx the complex dimension of X. In the symplectic case, 
we have according to [3', §6.3] 

Theorem 4.6. If X is a symplectic, the complex 'H'H{Jix) ^■^ concen- 
trated in degree —dx and there is a canonical isomorphism 

TX : v-n{A'^') ^ etVx]. 



We refer the reader to section 6.2 and 6.3 of [4j for a precise descrip- 
tion of Tx- 



Definition 4.7 ([4j). Let M G D^^^X^^^^)- We set 

^Supp(>!) 



eu(A^) = rx{h\.x{M)) G h£ .^.(X;Cx) 



and call eux(A^) the Euler class of M.. 

We then have the following 

Proposition 4.8. Let X be a compact complex symplectic manifold 
and let K, G D\^^{AxxX'^)- Then, 

V(-l)* Tr(ff ($^)) = / eu(C^°^) U eu(/C'''^) 

^ J XxX 

where U is the cup product. 

Proof. It is a direct consequences of |T, §6.3] and of Theorem 14.11 □ 
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